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We perform a coupled-channels study of the low-lying states in 13,15,17,19
Λ
C with a covariant energy density functional based micro-
scopic particle-core coupling model. The energy differences of 1/2− and 3/2− states in 13
Λ
C and 15
Λ
C are predicted to be 0.25 MeV
and 0.34 MeV, respectively. We find that configuration mixings in the 1/2− and 3/2− states of 15
Λ
C are the weakest among those
of 13,15,17,19
Λ
C. It indicates that 15
Λ
C provides the best candidate among the carbon hypernuclei to study the spin-orbit splitting of pΛ
hyperon state.
Hypernuclei, Nuclear Density Functional Theory and Extensions, Energy Spectra
The spectroscopy of hypernuclear low-lying states is very
important to understand the structure of hypernuclei and the
hyperon impurity effect in atomic nuclei. Several novel phe-
nomena about Λ hyperon have already been discovered by
studying energy spectra and electromagnetic transitions of
low-lying states in p-shell hypernuclei. One of them is the
shrinkage effect of Λ hyperon in 6Li, which was indicated
from the measurement of γ-ray transition probability from
5/2+
1
to 1/2+
1
in 7
Λ
Li. The ratio of B(E2 : 5/2+
1
→ 1/2+
1
) in
7
Λ
Li to B(E2 : 3+
1
→ 1+
1
) in 6Li has been converted into the
reduction of atomic size by about 19% [1]. Another novel
finding is about the weak spin-orbit splitting (ℓs) of pΛ state
in 13
Λ
C. The γ-rays from the excited 1/2−
1
and 3/2−
1
states to
the ground state were measured following the 13C(K−,π−)13
Λ
C
reaction. The energy difference between the 1/2−
1
and 3/2−
1
states was determined to be 152± 54(stat)± 36(syst) keV [2],
which has been interpreted as the spin-orbit splitting between
1p1/2 and 1p3/2 hyperon states in
13
Λ
C. Here, this interpreta-
tion relies on the assumption that the 1/2−
1
and 3/2−
1
states
are the pure configuration of Λp1/2 and Λp3/2 coupled to the
ground state (0+) of 12C [3], respectively. It is worth men-
tioning that for most Λ hypernuclei, the 1/2−
1
and 3/2−
1
states
cannot be naively interpreted using such a simple picture due
to a large effect of configuration mixings [4-7]. It has been
found in a recent study that the mixing amplitude is negligi-
bly small in spherical and weakly-deformed hypernuclei, but
strongly increases as the core nucleus undergoes a transition
to a well-deformed shape [8]. This perturbs the interpretation
of their energy difference as the spin-orbit splitting for the pΛ
state.
Considering the great success of covariant density func-
tional theory for atomic nuclei [9] and hypernuclei [10], in
this letter, we examine the configuration mixing in the low-
lying states of
13,15,17,19
Λ
C with a novel microscopic particle-
core coupling model built on a multi-reference covariant den-
sity functional theory (MR-CDFT). The MR-CDFT has been
successfully adopted to describe the low-lying states of car-
bon isotopes [11]. It provides a good starting point for study-
ing the hypernuclear low-lying states. Special emphasis will
be placed upon the energies and the ingredients of the wave
functions for the lowest 1/2− and 3/2− states in the carbon
isotopes.
In the microscopic particle-core coupling model [5-7],
wave functions of the low-lying states of Λ hypernuclei are
constructed as
ΨJM(r, {ri}) =
∑
n,ℓ, j,I
R jℓnI(r)[Y jℓ(rˆ) ⊗ΦnI({ri})]
(JM), (1)
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where r and ri are the coordinates of the Λ hyperon and
the nucleons, respectively. R jℓnI(r) and Y jℓ(rˆ) are the ra-
dial wave function and the spin-angular wave function for
the Λ-particle, respectively. The index n = 1, 2, . . . distin-
guishes different core states for a given angular momentum
I. The nuclear core states |ΦnI〉 are determined from the MR-
CDFT [12-15],
|ΦnI〉 =
∑
β
FnI(β)|ΦIM,NZ(β)〉. (2)
The symmetry-conserving reference states are a set of ax-
ially deformed mean-field states |β〉 projected onto angular
momentum (I) and particle numbers (N, Z)
|ΦIM,NZ(β)〉 = Pˆ
I
MK=0Pˆ
N PˆZ |β〉 (3)
where the PˆI
MK
, and PˆN , PˆZ are projection operators. The
mean-field states |β〉 are obtained by relativistic mean-field
plus BCS calculations with a constraint on the quadrupole
deformation parameter β. The weight function FnI(β) and
the energy EnI of the state |ΦnI〉 are the solutions of the Hill-
Wheeler-Griffin (HWG) equation [16]. The Hamiltonian ker-
nel is calculated with the mixed-density prescription, i.e., the
off-diagonal elements of the energy overlap (sandwiched by
two different reference states) take the same energy func-
tional form as that of the diagonal one provided that all the
densities and currents are replaced by the mixed ones [14,15].
The Hamiltonian Hˆ for the whole Λ hypernucleus is cho-
sen as [7]
Hˆ = TˆΛ + Hˆc +
Ac∑
i=1
VˆNΛ(r, ri), (4)
where TˆΛ is the kinetic energy of the hyperon, and Hˆc is
the many-body Hamiltonian for the core nucleus, satisfying
Hˆc|ΦnI〉 = EnI |ΦnI〉. The third term on the right side of Eq. (4)
represents the interaction term between the Λ particle and the
nucleons in the core nucleus, where Ac is the mass number of
the core nucleus. The nucleon-Λ (NΛ) interaction takes the
form derived from a relativistic point-coupling energy func-
tional [17]
VˆNΛS (r, ri) =α
NΛ
S γ
0
Λδ(r − ri)γ
0
N + δ
NΛ
S γ
0
Λ
[←−
∇2δ(r − ri)
+δ(r − ri)
−→
∇2 + 2
←−
∇ · δ(r − ri)
−→
∇
]
γ0N , (5)
VˆNΛV (r, ri) =α
NΛ
V δ(r − ri) + δ
NΛ
V
[←−
∇2δ(r − ri)
+δ(r − ri)
−→
∇2 + 2
←−
∇ · δ(r − ri)
−→
∇
]
, (6)
VˆNΛTen (r, ri) =iα
NΛ
T γ
0
Λ
[←−
∇δ(r − ri) + δ(r − ri)
−→
∇
]
· α. (7)
The equation Hˆ|ΨJM〉 = EJ |ΨJM〉 is transformed into
coupled-channels equations in relativistic framework. There-
fore, the R jℓnI(r) is a four-component wave function that
is solved by expanding on a set of radial wave functions
of spherical harmonic oscillator. The expansion coefficients
are determined by solving the coupled-channel equations, in
which all the potentials coupling different channels are re-
lated to transition densities between low-lying states of core
nuclei from the MR-CDFT calculation. More details about
the microscopic-particle core coupling model can be found
in Refs. [5-7].
The wave functions of the mean-field states |β〉 in Eq.(3)
are products of single-particle wave functions which are ob-
tained by solving the Dirac equation self-consistently on a
harmonic oscillator basis with 12 major shells. The parame-
ter sets PC-F1 [18] and PCY-S4 [17] are adopted for the ef-
fective nucleon-nucleon and NΛ interaction, respectively. In
the particle-number and angular-momentum projection cal-
culation, the number of mesh points for gauge angle in [0, π]
is chosen to be 9 and that for Euler angle θ in the interval
[0, π] is chosen to be 16. The radial wave function in Eq.(1)
is expanded on the radial part of spherical harmonic oscillator
basis with 18 major shells.
Figure 1 shows the low-lying states of 12,14,16,18C from
the MR-CDFT calculation, in comparison with data [19].
Since the exact particle-number projection is adopted in the
present calculation, the predicted energy spectra are some-
what different from those presented in Ref. [11], where only
an approximate way [13] was adopted to take care of the
particle-number conserving effect. One can see that the main
characters of the energy spectra are reproduced rather well.
Our calculation gives a vibrational-like spectrum for 14C and
rotational-like spectra for other isotopes.
Table 1 lists the binding energies BΛ of Λ hyperon for the
ground states of
Ac+1
Λ
C from the microscopic particle-core
coupling model calculation. The Λ binding energy is calcu-
lated as the energy difference between the 1/2+
1
state in
Ac+1
Λ
C
and the 0+
1
state in AcC. It is shown that the calculated BΛ is
13.22MeV for 13
Λ
C (compared to the data 11.38(5)MeV [20])
and increases globally with neutron number, except for 15
Λ
C.
For comparison, the intrinsic quadrupole deformation param-
eters for the hypernuclei
Ac+1
Λ
C (with the Λ on the lowest-
energy state) and core nuclei AcC from pure mean-field cal-
culations are also provided in Table 1. One can see that the
quadrupole deformation of the whole Λ hypernuclei is de-
creased in comparison with that of core nuclei. This finding
has already been found in many studies [21-26].
Table 1 The binding energies (in unit of MeV) of Λ hyperon in ground
states of carbon isotopes from the microscopic particle-core coupling model
calculation. The intrinsic quadrupole deformation parameters β and βc from
the pure mean-field calculations for hypernuclei and nuclear core are also
given.
13
Λ
C 15
Λ
C 17
Λ
C 19
Λ
C
BΛ 13.22 13.04 13.52 14.20
β (βc) 0.00 (0.00) 0.00 (0.00) 0.27 (0.34) 0.34 (0.41)
Figure 2 displays the low-lying energy spectra of
13,15,17,19
Λ
C. The positive-parity ground-state band with spin-
parity of (I ± 1/2)+ in all the four carbon hypernuclei shares
a similar structure to that for the corresponding core nucleus
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and their wave functions are dominated by the configuration
of [Λs1/2 ⊗ I
+], where Λs1/2 denotes the Λ particle in the
s1/2 state. In contrast, the low-lying negative-parity states J
−
show an admixture of the [Λp1/2⊗I
+] and the [Λp3/2⊗(I±2)
+]
configurations, as shown in Table 2. One can see that the
1/2−
1
state in 13
Λ
C is also an admixture of [Λp1/2 ⊗ 0
+
1
] and
[Λp3/2 ⊗ 2
+
1
] with the mixing amplitude of 0.885 and 0.105,
while the mixing amplitude for 3/2−
1
in 13
Λ
C is 0.045 and
0.921, respectively. It indicates that the interpretation of the
energy difference between the 1/2−
1
and 3/2−
1
states 13
Λ
as the
splitting of single-pΛ states [1, 3] is questionable. In con-
trast, the mixing amplitude in 15
Λ
C is weaker than that in
13
Λ
C and thus 15
Λ
C provides a more ideal hypernucleus with
which to extract the ℓs splitting of pΛ state. The stronger
configuration-mixing amplitude in 13
Λ
C than that in 15
Λ
C can
be traced back to the relatively larger quadrupole collectiv-
ity of corresponding core nucleus. Previous study [11] has
shown that the energy surface of 12C as a function of defor-
mation β is much softer than that of the closed-shell nucleus
14C and thus 12C possesses a larger quadrupole collectivity
from dynamic shape fluctuation.
Table 3 lists the energies of the 1/2−
1
and 3/2−
1
states in
carbon hypernuclei and their energy differences ∆E. We note
that the 1/2−
1
state in all the four hypernuclei is predicted to
be higher than the 3/2−
1
state. For 13
Λ
C, the predicted ∆E is
0.253 MeV, close to the data ∆E = 0.152(90) MeV [20]. For
15
Λ
C, the energy difference of the 1/2−
1
and 3/2−
1
states is pre-
dicted to be 0.344 MeV, about 0.1 MeV larger than that in
13
Λ
C. In contrast to the cases in 13,15
Λ
C, this value is only 67
keV and 33 keV in
17,19
Λ
C, respectively. One can see from
Table 2 that the energy difference of the 1/2−
1
and 3/2−
1
states
in 17,19
Λ
C cannot be interpreted as the spin-orbit splitting of
the pΛ state due to the large configuration mixing. As found
in the recent study for Sm hypernuclei [8], the energy differ-
ence of the 1/2−
1
and 3/2−
1
states is monotonically decreasing
as the amplitude of configuration mixing increases. A similar
phenomenon is also observed in the carbon hypernuclei. In
short, our results indicate that 15
Λ
C is a more ideal hypernu-
cleus than 13
Λ
C to extract the ℓs splitting of the pΛ state.
Table 2 The probability P (defined as P ≡
∫
drr2|R jℓnI (r)|
2) of the dom-
inant components in the wave functions for some selected negative-parity
states. The components with probabilities smaller than 0.001 are not given.
Jπ (l j) ⊗ Iπn
13
Λ
C 15
Λ
C 17
Λ
C 19
Λ
C
1/2−
1
p1/2 ⊗ 0
+
1
0.8853 0.9643 0.5477 0.5705
p3/2 ⊗ 2
+
1
0.1054 0.0339 0.4400 0.4066
3/2−
1
p1/2 ⊗ 2
+
1
0.0453 0.0148 0.1913 0.1865
p3/2 ⊗ 0
+
1
0.9207 0.9738 0.6071 0.6184
p3/2 ⊗ 2
+
1
0.0243 0.0089 0.1897 0.1682
5/2−
1
p1/2 ⊗ 2
+
1
0.7643 0.7916 0.5823 0.5230
p3/2 ⊗ 4
+
1
0.0368 0.0107 0.1632 0.2766
p3/2 ⊗ 2
+
1
0.1905 0.1491 0.2415 0.1770
7/2−
1
p1/2 ⊗ 4
+
1
0.0216 0.0060 0.0883 0.1506
p3/2 ⊗ 2
+
1
0.9613 0.9603 0.8466 0.7317
p3/2 ⊗ 4
+
1
0.0535 0.0979
1/2−
2
p1/2 ⊗ 0
+
1
0.4547 0.9351 0.4292 0.2969
p3/2 ⊗ 2
+
1
0.5235 0.0645 0.5306 0.2864
3/2−
2
p1/2 ⊗ 2
+
1
0.2343 0.0356 0.1257 0.3076
p3/2 ⊗ 2
+
1
0.2043 0.0063 0.4830 0.0580
p3/2 ⊗ 0
+
1
0.5272 0.9575 0.3513 0.2731
5/2−
2
p1/2 ⊗ 2
+
1
0.1955 0.1614 0.2370 0.1473
p3/2 ⊗ 2
+
1
0.7943 0.8338 0.6827 0.5479
3/2−
3
p1/2 ⊗ 2
+
1
0.4201 0.3841 0.6045 0.1511
p3/2 ⊗ 2
+
1
0.5665 0.6078 0.2698 0.5138
0
4
8
12
16
20
0
4
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E x
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Figure 1 (Color online) The low-lying energy spectra of 12,14,16,18C from the multi-reference covariant density functional calculation (right), in comparison
with data (left) [19].
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Figure 2 (Color online) The low-lying energy spectra of
13,15,17,19
Λ
C from the microscopic particle-core coupling model.
Table 3 The excitation energies Ex (in unit of MeV) of the lowest 1/2
−
and 3/2− states and their difference ∆E in carbon hypernuclei.
13
Λ
C 15
Λ
C 17
Λ
C 19
Λ
C
Ex(1/2
−) 12.964 12.224 10.498 10.027
Ex(3/2
−) 12.711 11.880 10.431 9.994
∆E 0.253 0.344 0.067 0.033
We have investigated the low-lying states in
13,15,17,19
Λ
C with a
microscopic particle-core coupling model based on the MR-
CDFT. It has been found that the positive-parity ground-state
band of hypernuclei with spin-parity of Jπ = (I ± 1/2)+ is
dominated by the configuration of [Λs1/2 ⊗ I
+] and shares a
similar structure to that for the core nucleus with spin-parity
I+. In contrast, the low-lying negative-parity states J− are
admixtures of the [Λp1/2 ⊗ I
+] and the [Λp3/2 ⊗ (I ± 2)
+]
configurations. Among all the four carbon hypernuclei, 15
Λ
C
stands out as the best candidate to extract the spin-orbit split-
ting of the pΛ state because about 97% of the wave func-
tions for the 1/2−
1
and 3/2−
1
states are the configurations of
[Λp1/2⊗0
+
1
] and [Λp3/2⊗0
+
1
], respectively. Their energy dif-
ference turns out to be 0.344 MeV. We have found that the
1/2−
1
and 3/2−
1
states in 13
Λ
C have a slightly larger configu-
ration mixing than those in 15
Λ
C. From this point of view, we
conjecture that the previously measured energy difference be-
tween the 1/2−
1
and 3/2−
1
states in 13
Λ
C [1] underestimates the
ℓs splitting of single-Λp states. Therefore, a new measure-
ment on hypernuclearγ-ray spectroscopy for 15
Λ
C is suggested
to confirm our conclusions. This kind of measurement is fea-
sible with the Japan Proton Accelerator Research Complex
(J-PARC) facility [20].
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